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Abstract 

Let L = ~A + Vhea. Schrodinger operator acting on L^(]R"), 
n > 1, where y ^ is a nonnegative locally integrable function on 
M". In this paper, we first define molecules for weighted Hardy spaces 
H^{w){0 < p < 1) associated to L and establish their molecular char- 
acterizations. Then by using the atomic decomposition and molecular 
characterization of H^{w), we will show that the imaginary power 
U'^ is bounded on H^{w) for n/{n + 1) < p < 1, and the fractional 
integral operator is bounded from H^{w) to iJ|(u'*/''), where 

< a < min{7i/2, 1}, + 1) < p < n/(n + a) and l/g = 1/p—a/n. 
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1 Introduction 

Let n > 1 and y be a nonnegative locally integrable function defined on R", 
not identically zero. We define the form Q by 

Q{u,v) = / Vu-'Vvdx+ / Vuvdx 

with domain 2?(Q) = V x V where 

V = {ue L2(R") : ^ E l2(M") for A: = 1, . . . , n and Wu E ^^(M'^)}. 

OXk 
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It is well known that this symmetric form is closed. Note also that it was 
shown by Simon [15] that this form coincides with the minimal closure of 
the form given by the same expression but defined on (7^(M")(the space of 
C°° functions with compact supports). In other words, Cq^{W^) is a core of 
the form Q. 

Let us denote by L the self-adjoint operator associated with Q. The 
domain of L is given by 

V{L) = {ue V{Q) : 3 v G such that Q{u, = v(p dx, Vy? G I'(Q)}. 

Formally, we write L = —A + V as a Schrodingcr operator with potential 
V. Let {e~*^}t>o be the semigroup of linear operators generated by —L and 
Pt{x,y) be their kernels. Since V is nonnegative, the Feynman-Kac formula 
implies that 

(4^'"^ (1-1) 

for aU t > and x,y G W\ 

Since the Schrodinger operator L is a self-adjoint positive definite oper- 
ator acting on L2(M"), then L admits the following spectral resolution 

POD 

L= / XdE^iX), 
Jo 

where the El{X) are spectral projectors. For any 7 G M, we shall define the 
imaginary power U'^ associated to L by the formula 

/•oo 

L'T= / X'^dEiiX). 
Jo 

By the functional calculus for L, we can also define the operator U"^ as 
follows 

1 poo 

L''(f)(^) = f(Z-) I t-^'-'e-'^^imx) dt. (1.2) 

By spectral theory ||L*'*'||^2_^£^2 = 1 for all 7 G M. Moreover, it was 
proved by Shcn [12] that L*'^' is a Caldcron-Zygmund operator provided that 
V G (Reverse Holder class). We refer the readers to [6,7,14] for related 

results concerning the imaginary powers of self-adjoint operators. 

For any < a < n, the fractional integrals L""/^ associated to L is 
defined by 

L-/\f){x) = P/2-ie-*^(/)(x) dt. (1.3) 
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Since the kernel Pt{x, y) of {e~*^}t>o satisfies the Gaussian upper bound 
(1.1), then it is easy to check that \L-'^l'^{f){x)\ < CIai\f\)ix) for ah x G 
M", where la denotes the classical fractional integral operator(see [17]) 

'"^^^^^^-2";r?r(f)7Mn|x-yr" 
Hence, by using the LP-L^ boundedness of /^(see [17]), we have 

||i:-"/'(/)||L.<c||/„(/)|U,<c||/|U., 

where 1 < p < n/ a and 1/q = 1/p — a/n. For more information about the 
fractional integrals associated to a general class of operators, we refer 

the readers to [3,9,20]. 

In [16], Song and Yan introduced the weighted Hardy spaces H\{w) 
associated to L in terms of the area integral function and established their 
atomic decomposition theory. They also showed that the Riesz transform 
VL"-^/^ is bounded on LP{w) for 1 < p < 2, and bounded from H\{w) to 
the classical weighted Hardy space H^{w){see [4,18]). 

Recently, in [19], we defined the weighted Hardy spaces H^{w) associated 
to L for < p < 1 and gave their atomic decompositions. We also obtained 
that VL~^/^ is bounded from H^{w) to the classical weighted Hardy space 
H^{w){see also [4,18]) for n/(n + 1) < p < 1. In this article, we first define 
weighted molecules for the weighted Hardy spaces H^{w) associated to L 
and then establish their molecular characterizations. As an application of 
the molecular characterization combining with the atomic decomposition 
of H^(w), we shall obtain some estimates of U'^ and L~'^/^ on H^(w) for 
n/(n + 1) < p < 1. Our main results are stated as follows. 

Theorem 1.1. Let L = -A + V, n/{n + 1) < p < 1 andw G Air\RH{2/p)' ■ 
Then for any 7 G M, the imaginary power U"^ is bounded from H^^w) to the 
weighted Lebesgue space LP{w). 

Theorem 1.2. Let L = - A + V, n/{n + 1) < p < 1 andw G ^1 ni?i?(2/p)'. 
Then for any 7 G M, the imaginary power L^"^ is bounded on H^{w). 

Theorem 1.3. Suppose that L = -A + V. Let < a < n/2, n/{n + 1) < 
p < 1, 1/q = 1/p — a/n and w £ AiCi RH(2/p)i ■ Then the fractional integral 
operator L~"/^ is hounded from, H^(w) to L'^{w'^^p). 

Theorem 1.4. Suppose that L = —A + V . Let < a < min{n/2, 1}, 
n/{n + 1) < p <n/{n + a), 1/q = 1/p — a/n and w £ A\r\ RH(2/p)' ■ Then 
the fractional integral operator L~"/^ is bounded from H^{w) to H1{w'^/p). 
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2 Notations and preliminaries 



First, let us recall some standard definitions and notations. The classical Ap 
weight theory was first introduced by Muckenhoupt in the study of weighted 
LP boundedness of Hardy-Littlewood maximal functions in [10]. A weight 

w is a locally integrable function on which takes values in (0, oo) almost 
everywhere, B = B{xo,rB) denotes the ball with the center xq and radius 
rs- We say that w € Ai, if 

/ w{x) dx < C ■ essinf for every ball S C M". 

\B\ Jb ^es 

where C is a positive constant which is independent of B. 

A weight function w is said to belong to the reverse Holder class RHr if 
there exist two constants r > 1 and C > such that the following reverse 
Holder inequality holds 

1^ j w{xY dx^ < C 1^1^ j w{x) dx^ for every ball B C M". 

Given a ball B and A > 0, \B denotes the ball with the same center 
as B whose radius is A times that of B. For a given weight function w, we 
denote the Lebesgue measure of B by \B\ and the weighted measure of B 
by w{B), where w{B) = J^w{x) dx. 

We give the following results which will be often used in the sequel. 

Lemma 2.1 ([5]). Let w & Ai. Then, for any ball B, there exists an absolute 
constant C such that 

w{2B) < Cw{B). 
In general, for any A > 1, we have 

w{XB) KC-X^'wiB), 

where C does not depend on B nor on A. 

Lemma 2.2 ([5]). Let w E Ai. Then there exists a constant C > such 
that 

\E\ ^ wjE) 
\B\ - w{B) 

for any measurable subset E of a ball B. 
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Given a Muckenhoupt's weight function on M", for < p < oo, we 
denote by U'{w) the space of all functions satisfying 



Lp{w) = ( [ \f{x)\Pw{x)dx] < oo. 



Throughout this article, we will use C to denote a positive constant, 
which is independent of the main parameters and not necessarily the same 

at each occurrence. By A ^ B, wc mean that there exists a constant C > 1 
such that ^ < ^ < C. Moreover, we denote the conjugate exponent of 
s > 1 by s' = s/{s - 1). 



3 Atomic decomposition and molecular character- 
ization of weighted Hardy spaces 



Let L = —A + V. For any i > 0, we define Pt = e and 

Qt,k = i-t) 



^ =(^L)V*^ k = i,2,.... 



s=t 

We denote simply by Qt when k = 1. First note that Gaussian upper bounds 
carry over from heat kernels to their time derivatives. 

Lemma 3.1 ([2,11]). For every k = 1,2,... , there exist two positive con- 
stants Ck and Ck such that the kernel pt^k{x,y) of the operator Qt,k satisfies 

, , Ck 

\Ptk\X.,V)\ < ^ — tttB "k* 

for allt>0 and almost all x,y E M". 
Set 



H\W) = n{L) = {Lu e L^{R^) : u G L2(R")}, 



where 7?.(L) stands for the range of L. We also set 

T{x) = {{y,t)eWl+^ : \x-y\<t]. 

For a given function / G L^(R"), we consider the area integral function 
associated to Schrodinger operator L(see [1,8]) 



sumx)=l^lljQAf)iy)\'^) , 



1/2 



5 



Given a weight function w on M", in [16,19], the authors defined the weighted 
Hardy spaces H^{w) for < p < 1 as the completion of i7^(M") in the norm 
given by the L^'(it;)-norm of area integral function; that is 

In [16], Song and Yan characterized weighted Hardy spaces Hj^{w) in terms 
of atoms in the following way and obtained their atomic characterizations. 

Definition 3.2 ([16]). Let M e N. A function a{x) G L2(M") is called a 
(1,2, M)-atom with respect to w(or a w-{l,2, M)-atom) if there exist a ball 
B = B{xo, tb) and a function b G T>[L^) such that 

(a) a = L^^b; 

(b) suppL'^b CB, A; = 0, 1, ... , M; 

(c) ||(r|L)'=6|U.(B)<r|^|S|V2^5)-i, = 0, 1, . . . , M. 

Theorem 3.3 ([16]). Let M e N and w e Ai D RH2. If f G Hl{w), 
then there exist a family of w -{1,2, M)- atoms {aj} and a sequence of real 
numbers {Xj} with \Xj\ < C'H/Hj/i (u,) such that f can be represented in 
the form f{x) = ^jAjaj(x), and the sum converges both in the sense of 
L'^(W^)-norm and H\{w)-norm. 

Similarly, in [19], wc introduced the notion of weighted atoms for iif£(w)(0 < 
p <\) and proved their atomic characterizations. 

Definition 3.4 ([19]). Let M en andQ < p < I. A function a{x) G L'^{W) 
is called a {p,2,M)-atom with respect to w(or a w-{p,2,M)-atom) if there 
exist a ball B = B{xo,rB) and a function b G T>[L^) such that 

{a') a = L^b; 

[b') suppL^bQ B, k = 0,1,... ,M; 

(c') \\{rlLmL.(^B)<rf'\B\yMB)-'/P, k = 0,l,...,M. 

Theorem 3.5 ([19]). Let M e N, < p < 1 and w £ Ai n RH^2/py- 
If f £ Hj^{w), then there exist a family of w-{p,2,M)-atoms {oj} and a 
sequence of real numbers {Aj} with |Aj|^ < C'H/H^p^^^ such that f can 

be represented in the form f{x) = Xjaj{x), and the sum converges both 
in the sense of L'^(M."')-norm and H^{w)-norm. 

For every bounded Borcl function F : [0, 00) — )■ C, we define the operator 
F{L) : L'^{W) L2(M") by the following formula 

POO 

F{L)= / F{X)dELiX), 
Jo 
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where El(\) is the spectral decomposition of L. Therefore, the operator 
cos(t\/Z) is well-defined on L^(M"'). Moreover, it follows from [13] that 
there exists a constant cq such that the Schwartz kernel -^cos(tv^)(^' 2/) 
cos(t-\/L) has support contained in {(.T,y) G M" x : \x — y\ < cot}. By 
the functional calculus for L and Fourier inversion formula, whenever F is 
an even bounded Borel function with F G i^^(M), we can write F{\/L) in 
terms of cos(t\/L); precisely 

/oo 
F{t) cos(tVI) dt, 
-oo 

which gives 

J\t\>CQ \x-y\ 

Lemma 3.6 ([8]). Let ip G Cq°(M) he even and suppip C [— C|^^,c^^]. Let $ 
denote the Fourier transform of ip. Then for each j = 0, 1, . . and for all 
t > 0, the Schwartz kernel K^^2j^y^i^^^'j{x,y) of {t^Ly<^{t\/L) satisfies 

suppK^^^^y^^^^^ C {{x,y) eW" :\x-y\< t}. 

For a given s > 0, we set 

J^{s) = jV' : C ^ C measurable, \^{z)\ < C^^j^]- 

Then for any nonzero function ip G F{s), we have the following estimate (see 
[16]) 

aoo flf\ 1/2 

\m^/L)f\\l,^^„^J) <C||/||^2(^„). (3.1) 

We are now going to define the weighted molecules corresponding to the 
weighted atoms mentioned above. 

Definition 3.7. Let e > 0, M e N and < p < 1. A function m{x) G 
L^(M") is called a w-{p, 2, M, e)-molecule associated to L if there exist a ball 
B = B{xo,rB) and a function b G P(L^) such that 

(A) m = L^b; 

(B) \\{rlLML'2^2B)<rl''\B\yMB)-'/P, k = 0,l,...,M; 

(C) ||(r|L)'=6|U.(2.+iB\2.B) <2-^-V|^|2^i?|V2^(2^i?)-VP^ 
fc = 0,l,...,M, i = l,2,.... 
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Note that for every w-{p, 2, M)-atom a, it is a w-{p, 2, M, £r)-molecule for 
all e > 0. Then we arc able to establish the following molecular charac- 
terization for the weighted Hardy spaces H^{w){0 < p < I) associated to 
L. 

Theorem 3.8. Let e > 0, M e N, < p < 1 and w e Ai n RH^2/py ■ 

(i) If f & H^{w), then there exist a family of w-{p,2, M,£)-molecules {mj} 

and a sequence of real numbers {Xj} with |Aj|^ < such that 

f{x) = X]jAjmj(a;), and the sum converges both in the sense o/ L^(M")- 
norm and Hf^{w)-norm. 

(a) Assume that M > ^(^ — ^). Then every vu -{p, 2, M,e) -molecule m is 
in H^{w). Moreover, there exists a constant C > independent of m such 
that \\m\\fjP(^^^ < C . 

Proof, (i) is a straightforward consequence of Theorems 3.3 and 3.5. 

(ii) We follow the same constructions as in [8]. Suppose that m is a 
'u;-(p, 2, M, £:)-molecule associated to a ball B = B{xo,rB)- Let if G Co°(M) 
be even with suppcp C [—[2cq)^^,{2co)~^] and let $ denote the Fourier 
transform of if. We set ^'(x) = x'^^{x),x G M. By the L^-functional calculus 
of L, for every m G L^(M"), we can establish the following version of the 
Calderon reproducing formula 

m{x) = c^ {tH)^^\t^){m){x)-, (3.2) 

JO 5 

where the above equality holds in the sense of L^(M")-norm. Set Uo{B) = 
2B, Uj{B) = 2^+^B\2^B,j = 1,2,..., then we can decompose 

oo oo 

M" X (0, oo) = ( U Uj{B) X (0, 2^rB]) [j ( [j 2^B x (2^-Vb, 2^rB]) . 
j=0 j=l 

Hence, by the formula (3.2), we are able to write 




oo oo 

= ^ m^-^^ (x) + ^ mf^ [x). 

j=0 0=1 
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Let us first estimate the terms {m^P}°° „. We will show that each mY' is 
a multiple of w-{p, 2, M)-atom with a sequence of coefficients in P. Indeed, 
for every j = 0, 1, 2, . . ., one can write 



(1) 



mY>{x) = L^bj{x), 



where 



bj{x) = t'''^\tVL){mxuj(B)){x)j. 



By Lemma 3.6, we can easily conclude that for every A; = 0,1, ... ,M, 
supp{L%) C Since 



sup 



[{2^+^rBfL]''bj{x)h{x)dx 



Then it follows from Holder's inequality and the estimate (3.1) that 
/ [{2^+^rBfL]''bj{x)h{x)dx 



=c^{2^+\b) 



2k 



/ / f''L^nt^)imxu,iB)){ymt^m{y) 

Jo J2i+^B 



dydt 



<c^{2i+^rBf\2hB 



2k(i)j \2M-2k 



2'rB 




dydt 



{eLfntVL){mxu,^B)){y)nt^^)my)—, 

1 R I 



2 dtV" 



(j-oo dt \ ^^"^ 

\\^{t^/L){hxv+iB)\\\2^^^)-j-] 

<Cv,(2-'+VB)2^||mX[/^.(B)||^2(K„) • ||te+iB||i2(Kn) 

<C ■ 2-J'^(2J+Vb)2^|2J+1s|V2i(;(2J+1s)-Vp. 
Hence 



[{2^+\B?L]h 



L2(2J+iB) 



< C ■ 2-^'{2^+^rBf^\2^+^B\^/^w{2^+^B)-^/P, 



which implies our desired result. Next we consider the terms {'mf^^}°^i 
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For every _7 = 1, 2, . . ., we write 



m 



(2) 



(x) =c^ / {t^L)^'^\tVL){m){x)- 



=m^^^\x) — m^^'^\x). 

To deal with the term m!~^^\ we recall that m = L^b for some b G V{L^^). 
Then we have 

(■2irB 



(21)/- \ 

m) '{x) = 



dt 



'2J-irB 

= L^bf\x) 



{eL)^^>^{t^/L){L^^h){x) 



where 



2^r 



■''B 



dt 



{t^L)^^^{t^/L){b){x)-. 
Since 5(a;) = b{x)x2J b{^) + Z^/^j ^(2^)X!7;(S)(^)- Then we can further write 



i=j 



where 



and 



bif\x) = 



dt 



{t'L)''^\t^){bxum)i^)T 



By using Lemma 3.6 again, we have supp (L'^b^^j^) C 2^ B and supp {L^b^^^^) C 
2^+1^ for every A: = 0, 1, ... , M. Moreover, it follows from Minkowski's in- 
tegral inequality that 



2irB 



L^{2jB) 



e''L^+H\t^){bx2.B)T 



<cv,(2^rB 



L2(2JB) 

.2k /■'"'^ ll(t2L)M+fe^2(^^)(j,^^.^ 



2-'-irB 



11^2(2^5) ^2fc+l 



<C||6x 



2-'B||l2(2:iB) 
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i-1 

1=0 

i-1 

/=0 



When < / < J - 1, then C 2^B. By using Lemma 2.2, we can get 

>C- 



w{2^B) ^ _ \2^B\ 



w 



i2iB) 



\2m\ 



Consequently 

oo 

<^ . 2-i[2M-n(i/p-i/2)] . (2irs)2^|2^5|V2^(2^-5)-Vpy -L . / 
:[2M-n(l/p-l/2)] . (2JrB)2^|2^S|V2u;(2J5)-VP. 



<C ■ 2-^ 
On the other hand 



[(2'+Vs)^L]^6!f) 



L2(2'+iB) 



L2(2i+iB) 



<Ci2^^'rBnbxum\\LH2i^^B) ■ J2lk)^ 
<C ■ 2-'^(2'+Vb)2^ |2'+iS| V2y;(2'+iB)-Vf . 

Observe that 2M > n(l/p— 1/2). Thus, from the above discussions, we have 
proved that each m^^^^ is a multiple of w-{p, 2, M)-atom with a sequence of 
coefficients in F. Finally, we estimate the terms {m^^^^^'^y For every 

(22) 

j = 1, 2, . . ., we decompose ' as follows 



m 



1=3 



oo 



l=j 
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where 



It follows immediately from Lemma 3.6 that supp {m\f^) C for 
every k = 1,2, . . . , M and I > j. Moreover 

[(2'+VB)^L]'=6;f) 



L2(2'+iB) 



L2(2'+iB) 



<C^(2'+VB)2^||mX[7,(B)||^2(2'+iB) 

<C ■ 2-'^(2'+VB)2^|2'+iS|V2y;(2'+is)-i/p. 

Therefore, we have showed that each m^.^^^ is also a multiple of w-{p, 2, M)- 
atom with a sequence of coefficients in P. This completes the proof of 
Theorem 3.8. □ 



4 Proofs of Theorems 1.1 and 1.2 

Proof of Theorem 1.1. For any 7 G M, since the operator U'^ is linear and 

bounded on L?'{W^), then by Theorems 3.3 and 3.5, it is enough to show 
that for any ^-(p, 2, M)-atom o, M G N, there exists a constant C > 
independent of a such that ||L*'^(a)||ip(tt,) < C. Let a be a w-{p, 2, M)-atom 
with supp a C S = B{xo,rB), ||a||L2(B) < \B\^/'^w{B)~^/p . We write 

= [ \V^a){x)\'w{x)dx+ [ \V^a){x)\'w{x) dx 

^ ' J2B J{2BY 
= Il+l2. 

Set s = 2/p > 1. Note that w G RHg', then it follows from Holder's 
inequality, the boundedness of U'^ and Lemma 2.1 that 

\V\a){x)\^ dxY''^{^j w{xy' dx^' 

- II IIL2(B) |2_g|l/^* 

< C. (4.1) 



h < 
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On the other hand, by using Holder's inequahty and the fact that w G RHg', 
we can get 



/2 = V/ \L'^a)ix)fw{x)dx 



<C±([ W-ia)ixfdxY'.^^. (4.2) 

For any x G 2*^+^S\2'^5, A; = 1, 2, . . . , by the expression (1.2), we can write 

|L*^(a)(x)|<Cy^ e-*^(a)(x)- 

^ „ dt r -.r dt 



C r e-'\a){x)'^ + C r e-'^{a){x)^^ 

Jo t Jrl t 



= I+II. 

For the term I, we observe that when x G 2^'^^B\2'^B, y E B, then |x — y| > 
2fc-ij.^ Hence, by using Holder's inequality and the estimate (1.1), we 
deduce 



aix)\ < C ■ \a{y)\ dy 

(2^rB) 



^1/2 



fl/2 



So we have 



<c 



2Kn+l)u){By/P TB Jo Vt 
1 



2Hn+i)w{B)yp' 



We now turn to estimate the other term H. In this case, since there exists a 
function b e P(L^) such that a = L^b and ||6||l2(b) < ry^\B\^/^w{B)-^/P, 
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then it follows from Holder's inequality and Lemma 3.1 that 

|e-^M^)| = |(iL)^e-*^6(a;)|.i^ 

1 f 1 



tM-l/2 



< C- , / , f \b(y)\dy 



2M-1 
_B 



<C^-;^i7;rS-77;^-T7^- (4-4) 



Consequently 



2M"+1)u;(B)Vp' 

where in the last inequality we have used the fact that M > 1. Therefore, 
by combining the above estimates for I and II, we obtain 

< C ■ 2Hn+i)l^B)yp ^ - ^ 2'=+^5\2^5. (4.5) 

Substituting the above inequality (4.5) into (4,2) and using Lemma 2.1, then 
we have 



oo ^ 



OO 



— Z-^ ok\p{n+l)—n] 
k=l 

< C, (4.6) 

where the last series is convergent since p > n/(n + l). Summarizing the 
estimates (4.1) and (4.6) derived above, we complete the proof of Theorem 
1.1. □ 

Proof of Theorem 1.2. Since the operator U'^ is linear and bounded on L^(M") 
then by using Theorems 3.3, 3.5 and 3.8, it suffices to verify that for every 
w-{p, 2, 2M)-atom a, the function m = U'^{a) is a multiple of w-{p, 2, M, e)- 
molecule for some e > 0, and the multiple constant is independent of 
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a. Let a be a 2, 2M)-atom with suppa Q B = B{xo,rB)- Then 

by definition, there exists a function b G 'D{L'^^) such that a = L'^^{b) 
and ||(r|L)'^6||i2(s) < rf^^\B\^/^w{B)-'^/P, k = 0,1,..., 2M. Wc set b = 
U'^{L^b), then we have m = L^(b). Obviously, m{x) G L'^{W). Moreover, 
for A; = 0, 1, ... , M, we can deduce 



1 



<C-r|^|S|V2y;(s)-Vf. 

It remains to estimate \\{r'^B-^)^M\L'^{2i+^B\2i B) for = 0, 1, . . . ,M, j 
1,2,.... We write 

\{rlLfb{x)\ = \n'<[{rlLfL^b]{x)\ 

<C r"e-''^[rfL^+H]{x)j+C H e-''^[rfL^^H]{x)- 

= I'+ii'. 

As mentioned in the proof of Theorem 1.1, we know that when x G 2^+^B\2^B, 
y £ B, then |x — y| > 2^^^rB, j = 1,2, . . .. It foUows from Holder's inequality 
and the estimate (1.1) that 

<C-^T|>'»(Br"". (4.7) 
Since B C 2^B, j = 1,2, . . ., then by using Lemma 2.2, we can get 

>C.J4. (4.8) 



w{2^B) - \2iB 

Hence 



I' < C • ,1, — ^ • rWwi2^B)-^/P, when x G 2^+^B\2^B. 
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Applying Holder's inequality and Lemma 3.1, we obtain 
II' < C • rf / (tL)^+^e-*^(6)(a;) 



' ■ B 

dt 



2 fM+k+l/2 

B 



<C.-l^.rl^w{Br/^. (4.9) 
It follows immediately from the above inequality (4.8) that 

II' < C • ^,[^r^+\yr^/p] ' rjf wi2^ B)-'/^ , when X e V+^B\2^B. 
Combining the above estimates for I' and II', we thus obtain 

Observe that p > n/{n + 1) . If we set e = (ra + 1) — n/p, then we have e > 0. 
Therefore, we have proved that the function m = U'^{a) is a multiple of 
w-{p, 2, M, e)-molecule. This completes the proof of Theorem 1.2. □ 

5 Proofs of Theorems 1.3 and 1.4 

Proof of Theorem 1.3. As in the proof of Theorem 1.1, it suffices to prove 
that for every w-{p,2,M)-&iom. a, M > (3n)/4, there exists a constant 
C > independent of a such that \\L~°'/'^{a)\\i^q(^^q/p-^ < C. We write 

ll^~"^'(«)HL(../.) = / \L~''^\a){x)\^w{xf'^dx+ [ \L-/\a){x)\'^w{xy/P dx 

^ ' J2B J{2BY 
= Jl + J2- 

First note that < a < n/2, 1/q = 1/p — a/n, then wc arc able to choose 
a number ji > q such that 1/// = 1/2 — a/n. Set s = 2/p, then by a simple 
calculation, we can easily see that {q/p) ■ (^i/q)' = s' and 1 — = q/{ps'). 
Applying Holder's inequality, the L^-L^^ boundedness of L~°'/'^, Lemma 2.1 
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and w G RHg/, we can get 

Ji<(/ \L--/\a){x)\'-Uxy\i wix^i^^fy dxy-'^" 

\L-'^/\a)ixrdxY'( [ wixY'dxY^'^ 

2B ' ^JlB ' 



< C. (5.1) 

We now turn to deal with J2. Using the condition w G RHg' and Holder's 
inequality, we obtain 

00 „ 

J2 = V/ \L-''/\a){x)\%{xfPdx 

For any x G 2^~^^B\2^B, k = 1,2, . . . , hy the expression (1.3), we can write 

dt 



poo 

\L-/\a){x)\ < C e-*^(a)(x)- 
Jo t 



a/2 

2 



fTg JJ. /•OO 



= III+IV. 

For the term III, it follows immediately from (4.3) that 
IIKC ' ' '''' * 



< (7 

2Hn+i)w{By/p' 

For the other term IV, by the previous estimate (4.4), we thus have 

1 rif 

<C- 



B 



2k{n+l)w{By/P' 
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where the last inequahty holds since M > (3n)/4 > 1/2 + a/2. Combining 
the above estimates for III and IV, we obtain 



|L-/^(a)(x)| < C . when x E 2^^^B\2^B. (5.3) 

Substituting the above inequality (5.3) into (5,2) and using Lemma 2.1, we 
can get 



T <rY-\2'+^B\'/^ ( '"^ V r^ll^!^ 



< cY" - 

— .Z— / Ok\g(n+. 



2k[q{n+l)-n] 
k=l 

< C, (5.4) 

where in the last inequality we have used the fact that q > p > n/(n + l). 
Therefore, by combining the above inequality (5.4) with (5.1), we conclude 
the proof of Theorem 1.3. □ 

Proof of Theorem 1.4- As in the proof of Theorem 1.2, it is enough to show 
that for every w-{p, 2, 2M)-atom a, the function m = L^"/^(a) is a multiple 
of w-(p, 2, M, £)-molecule for some e > 0, and the multiple constant is inde- 
pendent of a. Let a be a u'-(p, 2, 2M)-atom with suppa Q B = B{xo,rB), 
and a = L^^{b), where M > (3n)/4 > max{§(i - i), | + f }, 6 G V{L'^^). 

Set b = L^"/'^{L^b), then we have m = L^(b). It is easy to check that 
m{x) G L^(M"). As before, since < a < n/2, then we may choose a 
number jj, > 2 such that l/jj, = 1/2 — a/n. For k = 0,1, . . . , M, by using 
Holder's inequality, the L'^-L'^ boundedness of L~°^l'^ , we obtain 



2M\\^'B^J "llL2(B)l 
B 

< C ■ r|^|S|V2+«/Hy,(5)-i/p. (5.5) 

Note that 1/q = 1/p — a/n, then a straightforward computation yields that 
q/p < (2/p)' whenever < a < n/2. By our assumption w G RH(2/p)i-, then 
we have w G RHq/p. Consequently 

~ \B\^-p/i 



18 



which imphes 

< c ■ |B|V9-Vpu;9/p(5)-V9. (5.6) 
Substituting the above inequaUty (5.6) into (5.5), we can get 

ll(^Bi)'^IL^(2B) <C-rl^\B\^'^w'i'P{B)-^'^. (5.7) 

It remains to estimate ||(rgL)'^6||^2(2J+iB\2JB) for = 0, 1, . . . ,M, j = 
1, 2, We write 

|(r|L)^'6(x)| 
=|L-"/2[(r|L)'=L^6](x)| 

dt 



-a/2 

" ' B 

=iir+iv'. 

For the term III', by using the same arguments as in the proof of (4.7), we 
have 

Iir < C ■ ■ rf'wiBr'/P- 

- 2J("+1) TB Jo tV2-a/2 

<C--^.r|^+"^B)-Vf. 

For the term IV', we follow the same arguments as that of (4.9) and then 
obtain 

IV' < c i u;f5r^/p/*^+2'=-^ /"°° - 

< C ■ ■ rl^+^'wiBy^/P. 

— 2J("+i) 

Combining the above estimates for III' and IV', we can get 

\{rlL)'b{x)\ < C ■ . r|^+"«;(B)-VP, when x G 2^+'B\2^B. 

Since w G Ai, then it follows from the previous inequality (4.8) that 
\{rlLrb{x)\ < g- ^.,(,^|)_,/^] T|^+"^(2^-^)-VP, when x G 2^+'B\2^B. 

Similar to the proof of (5.6), we can also show that 

w{2^B)-^/P < C ■ \2^ B\^l'i-^/Pw'i/P{2^ B)-^/i . 
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Hence 

\{rlL)'bix)\ < C- ^^.,(„^|)_„/^] -r|^V/^(2^.B)-V'/, when x G 2^+'B\2^B. 
Therefore 

\\irlLrb\\LH2^^^B\2^B) < C ■ ^Tk^^tW • -ri2^'5|^/^-^/^(2^5)-^/^. 

(5.8) 

Observe that 1 > q > p > n/{n + l). If we set e = (n + 1) — n/g, then 
£ > 0. Summarizing the estimates (5.7) and (5.8) derived above, we finally 
conclude the proof of Theorem 1.4. □ 



References 

[1] P. Auscher, X. T. Duong, A. Mcintosh, Boundedness of Banach space 
valued singular integral operators and Hardy spaces, preprint, 2004. 

[2] E. B. Davies, Heat Kernels and Spectral Theory, Cambridge Univ. 
Press, 1989. 

[3] X. T. Duong and L. X. Yan, On commutators of fractional integrals, 
Proc. Amer. Math. Soc, 132(2004), 3549-3557. 

[4] J. Garcia-Cuerva, Weighted spaces. Dissertations Math, 162(1979), 
1-63. 

[5] J. Garcia-Cuerva and J. Rubio de Prancia, Weighted Norm Inequalities 
and Related Topics, North-Holland, Amsterdam, 1985. 

[6] H. Gunawan, On weighted estimates for Stein's maximal function. Bull. 
Austral. Math. Soc, 54(1996), 35-39. 

[7] H. Gunawan, Some weighted estimates for imaginary powers of Laplace 
operators. Bull. Austral. Math. Soc, 65(2002), 129-135. 

[8] S. Hofmann, G. Z. Lu, D. Mitrea, M. Mitrea, L. X. Yan, Hardy spaces 
associated to non-negative self-adjoint operators satisfying Davies- 
Gaffney estimates, preprint, 2007. 

[9] H. Mo and S. Lu, Boundedness of multilinear commutators of general- 
ized fractional integrals. Math. Nachr, 281(2008), 1328-1340. 



20 



[10] B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal 
function, Trans. Amer. Math. See, 165(1972), 207-226. 

[11] E. M. Ouhabaz, Analysis of Heat Equations on Domains, London Math. 
Soc. Monographs, Vol 31, Princeton Univ. Press, Princeton, NJ, 2005. 

[12] Z. Shen, LP estimates for Schrodinger operators with certain potentials, 
Ann. Inst. Fourier (Grenoble), 45(1995), 513-546. 

[13] A. Sikora, Riesz transform, Gaussian bounds and the method of wave 
equation. Math. Z, 247(2004), 643-662. 

[14] A. Sikora and J. Wright, Imaginary powers of Laplace operators, Proc. 
Amer. Math. Soc, 129(2001), 1745-1754. 

[15] B. Simon, Maximal and minimal Schrodinger forms, J. Operator The- 
ory, 1(1979), 37-47. 

[16] L. Song and L. X. Yan, Riesz transforms associated to Schrodinger 
operators on weighted Hardy spaces, J. Funct. Anal, 259(2010), 1466- 
1490. 

[17] E. M. Stein, Singular Integrals and Differentiability Properties of Func- 
tions, Princeton Univ. Press, Princeton, New Jersey, 1970. 

[18] J. O. Stombcrg and A. Torchinsky, Weighted Hardy spaces. Lecture 
Notes in Math, Vol 1381, Springer- Verlag, 1989. 

[19] H. Wang, Riesz transforms associated with Schrodinger operators act- 
ing on weighted Hardy spaces, preprint, 2011. 

[20] L. X. Yan, Classes of Hardy spaces associated with operators, duality 
theorem and applications. Trans. Amer. Math. Soc, 360(2008), 4383- 
4408. 



21 



